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Abstract In this paper, a quick solution for measuring the vol-
umetric errors of a precision machine is presented. It requires
a laser tracker system and a plate including three caves on it. The
laser tracker system can detect the coordinate of a sensor ball
anywhere in the working space. The plate is fixed on the machine
spindle. After installation, the spindle is moved toward the diag-
onal of the working space. The real movements are along the x,
y, and z-axis directions, respectively; it will back to the diagonal
line for one complete cycle motion. In each step movement, the
spindle is stopped and the laser tracker detects the coordinates
of the three caves by putting the target sensor ball into caves se-
quentially. By means of the coordinates, the volumetric errors at
that position can be derived. The overall volumetric errors can be
measured quickly by just one setup and many step movements
with laser tracker detections.
Keywords Diagonal measurement · Imagined pyramid · Laser
tracker · Step movement · Target sensor ball · Volumetric errors
1 Introduction
Many precision machines, for example, computer numerical con-
trolled (CNC) boring/milling machines, coordinating measure-
ment machines (CMM) may induce some errors after running.
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There are three types of errors. Yao [1] summarized as follows.
The first one is the structural error and it is due to the limi-
tation of the rigidity of machine structure. When the machine
is working, the effect of cutting forces or vibration of the ma-
chine will lead to this error. This should be improved by a good
machine design. The second one is the dynamic error. When
the machine is running, the inertial effect results in the back-
lash between the drivers to induce this error. The error should
be improved by adjusting the controller or the drivers and by
a good cutting condition. The last one is the static error. This
kind of error occupies about 70% of the errors of machines, in-
cluding geometry errors and thermal errors. The errors change
slowly, and the values are almost constant. The geometry errors
are due to the manufacture and assembly of machines, such as
the straightness of axes, the surface roughness and the assembly
tolerance, etc. These errors can be improved by a measurement
and compensation system of optic instruments. The thermal er-
rors are due to the effect of heat from the machine itself or the
environment. The heat, such as the thermal change of the envi-
ronment and the heat of cutting or friction, let the machine have
a thermal deflection.
Based on the above analyses, one has good reason to focus on
the geometry errors and then amend them. The linear displace-
ment errors, horizontal and vertical straightness errors, angular
errors, and the squareness errors determine the accuracy and per-
formance of the machines. For a rigid body motion of each axis,
there are six errors, namely, one linear displacement error, δi(i);
two straightness errors δj(i); and three angular errors of pitch
εj(i), yaw εk(i) and roll εi(i) errors. Thus, for a three-axis ma-
chine, there are 18 errors plus 3 of squareness errors, εij , so it
results to a total of 21 errors. There are many methods [1–15]
that have been presented to measure these errors. Wang [10] said
that a nonrigid body motion has 45 errors, including the 21 rigid
errors and the first-order items. There are eight errors of the first-
order terms for each axis; there are two position errors, δ( j)i (i) j;
four straightness errors, δ( j)j (i) j and δ(k)j (i) k; and two angular er-
rors, ε
( j)
j (i) j . A quick and convenient method to measure the 21
errors is proposed in this paper.
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The body diagonal measurement has been recommended for
a quick check of the volumetric accuracy in the ASME B5.54
standard, sect. 5.9.2 [16], “The volumetric accuracy may be
rapidly estimated by measuring the displacement accuracy of
the machine along body diagonals.” This is because the body
diagonal measurement is sensitive to all the errors such as the
displacement errors, straightness errors, squareness errors and
the angular errors. Hence, it is a good check of volumetric accu-
racy. Wang [10] used a laser beam to measure the four diagonals
of working space, respectively, and then combined the measured
data together to get the compensation errors directly, not the 21
errors. Also, the four set data are not so easy to match exactly to-
gether because they were gotten with different setups and time.
Nevertheless, the method presented here is a way of quick setup,
so the 21 rigid body motion errors in the working space can be
obtained very quickly.
2 Basic formulas
If the lengths l1, l2 and l3 and the points P1(x1, y1, z1),
P2(x2, y2, z2), P3(x3, y3, z3) are known, as shown in Fig. 1, then
the coordinate of the intersection point P(x, y, z) can be calcu-
lated by Eqs. 1–3. The sphere governing equations are as folows:
(x − x1)2 + (y − y1)2 + (z − z1)2 = l21 (1)
(x − x2)2 + (y − y2)2 + (z − z2)2 = l22 (2)
(x − x3)2 + (y − y3)2 + (z − z3)2 = l23 (3)
The formulas above are used for finding the imagined pyramid
after rigid body motion.
The crossing angle α from vector −→V1 to vector −→V2 can be
found by
α = sin−1
−→V1 ×−→V2 •−→u
∣
∣
∣
−→V1
∣
∣
∣
∣
∣
∣
−→V2
∣
∣
∣
, (4)
where −→u is the unit normal vector of the plane through vectors−→V1 and −→V2 as shown in Fig. 2.
The formula is used for calculating the angular errors of each
step movement.
Fig. 1. Intersection point P(x, y, z)
Fig. 2. Cross angle α
3 Methodology
The methodology developed here requires a plate and a laser
tracker system. Figure 3 shows the plate including three caves
fixed on the machine spindle near the gravity center of the plate.
On the other site, there is a laser tracker system that is used
for detecting the coordinates of the sensor balls on the caves.
Figures 4 and 5 show the laser tracker system. Only one target
sensor ball is needed. When the target sensor ball is moved from
one cave to the other, the laser tracker will focus on the sensor
and rotate with it to the next cave and then detect the ball co-
ordinate. P1, P2, P3 are the center points of the balls and their
coordinates are detected, that is, for each step movement, the ball
will be moved from cave to cave and then be detected to get P1,
P2, P3 on the caves. The laser tracker in Fig. 4 is used to locate
the tooling holes on the assembly support in the aircraft industry.
Fig. 3. Aplate includes three caves and target sensor balls
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Fig. 4. Laser tracker LTD500
The precision is required strictly. It’s up to three decimals in mil-
limeter units, as shown in Fig. 6. And the working space is bigger
than the CNC machine travels. Using the laser tracker to get the
cave coordinates is precise and easy herein.
The plate will move with the spindle step by step along x,
y, and z-axes, respectively. The initial coordinates of P1, P2 and
P3 are detected before step movement, and the imagined pyramid
P2PaPbPc is created initially by the following characteristics:
• P2(x2, y2, z2) is the vertex.
• Line P2Pa is parallel to the x axis.
• Line P2Pb is parallel to the y axis.
• Line P2Pc is parallel to the z axis.
• P2Pa = P2Pb = P2Pc = l, which is set to 1.00 herein.
By the above characteristics, the coordinates of the Pa(xa, ya, za),
Pb(xb, yb, zb), Pc(xc, yc, zc) can be obtained as follows:
xa = x2 + l; ya = y2; za = z2 (5)
xb = x2; yb = y2 + l; zb = z2 (6)
xc = x2; yb = y2; zc = z2 − l (7)
After step movement, the coordinates of the ball, say, P′1(x′1, y′1,
z′1), P′2(x′2, y′2, z′2), P′3(x′3, y′3, z′3) are detected. Because the pyra-
mid is imagined to be fixed on the plate, it will move and rotate
Fig. 5. The computer system
with the plate rigidly. If volumetric errors exist after step move-
ment, then the final imagined pyramid P′2P′aP′bP′c will have a
deviation from the final nominal position P2PaPbPc. By means
of the deviation, the angular errors can be obtained at that loca-
Fig. 6. The working menu on PC
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Fig. 7. The real and nominal final positions
tion. Figure 7 shows this. Also, the linear errors can be gotten by
means of the center of gravity deviation of the plate.
The nominal center of gravity Pw(xw, yw, zw) and the real
center of gravity P′w(x′w, y′w, z′w) can be found by the nominal
points P1(x1, y1, z1), P2(x2, y2, z2), P3(x3, y3, z3) and the real
tracked points P′1(x′1, y′1, z′1), P′2(x′2, y′2, z′2), P′3(x′3, y′3, z′3). They
are
Pw = (P1 +P2 +P3)/3 (8)
P′w = (P′1 +P′2 +P′3)/3 (9)
The linear errors can be calculated as follows:
δx(i) = x′w − xw, δy(i) = y′w − ywδz(i) = z′w − zw , (10)
where i is corresponds to the movement direction, i.e., i = x, y,
or z.
The following paragraph will develop the angular errors,
εj(i), where i is the movement direction and j is the error di-
rection. The distances between points P1, P2, P3, Pa, Pb, Pc are
the same as the distances between points P′1, P′2, P′3, P′a, P′b, P′c
for rigid body motion reasons. Because the real final points P′1,
P′2, P′3 were already tracked, the imagined pyramid P′2P′aP′bP′c
can be obtained by basic formulas, i.e., Eqs. 1, 2 and 3. Be-
cause P′aP′1 = PaP1, P′aP′2 = PaP2 and P′aP′3 = PaP3, P′a can be
obtained from points P′1, P′2, P′3 with segments P
′
aP′1, P′aP′2, P′aP′3
by using Eqs. 1, 2 and 3. Similarly, P′b and P′c can be calculated.
To find εx(i), just project points P′2, P′b onto plane PbP2Pc and
calculate the angle between −−→P2Pb and −−→P′2P′b on plane PbP2Pc. Let
the projection vectors of −−→P2Pb and −−→P′2P′b be −→V1 and −→V2 and let−→u = [1, 0, 0], then substitute them into Eq. 4 to find α, i.e., εx(i)
at that position. In the same way, to find εy(i) and εz(i), just
project points P′2, P′a onto plane PaP2Pc and plane PaP2Pb, re-
spectively, and let the projection vectors of −−→P2Pa and −−→P′2P′a be −→V1
and −→V2, −→u = [0, 1, 0] and −→u = [0, 0, 1], respectively. Then the
angular errors εy(i) and εz(i) can be easily obtained by Eq. 4.
4 Measurement
One complete cycle motion consists of three step movements;
first, the plate is moved by step distance ∆X in the x direction,
then is moved by ∆Y in the y direction, finally ∆Z in the z di-
rection. The plate is then moved back to the diagonal line of the
working space. In each step, the coordinates of points P1, P2,
P3 are detected by laser tracker and then the 18 volumetric er-
rors are derived at that position. After all the cycles of stepping,
the overall volumetric errors are obtained. The procedures are
summarized as follows.
First, the plate is fixed on the machine spindle near the cen-
ter of gravity Pw of triangle P1P2P3, which is shown in Fig. 3.
Let Lx , Ly, Lz be the machine travels and N be the number
of cycles and also be the number of the steps in the x, y, z di-
rections, respectively. The step distances will be ∆X = Lx/N,
∆Y = Ly/N, ∆Z = Lz/N. Figure 8 shows this. The initial coor-
dinates of points P1, P2, P3 are detected first.
4.1.1 The first step ∆X in the first cycle (∆X → Y → Z)
Now the spindle is moved by a step distance ∆X in the x Direc-
tion, as shown in Fig. 9, and then the coordinates of points P′1, P′2,
P′3 are detected and the corresponding imagined pyramid of this
step can hence be obtained. The linear errors are obtained from
Eq. 10 and are shown below.
δx(x, 1) = x′w − xw, δy(x, 1) = y′w − yw, δz(x, 1) = z′w − zw ,
(11)
Fig. 8. Body diagonal measurement
Fig. 9. Rigid body motion
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where 1 in parenthesis indicates that the corresponding values
were gotten in cycle 1.
The angular errors εx(x, 1), εy(x, 1) and εz(x, 1) can be ob-
tained by Eq. 4, which was stated in the above Methodology
section. The errors of δx(x), δy(x), δz(x), and εx(x), εy(x), εz(x)
at x = ∆X plane are obtained.
4.1.2 The second step ∆Y in the first cycle (∆X → ∆Y → ∆Z)
Next, the plate is moved by a step distance ∆Y in the y direc-
tion. The real final position of the plate after the above ∆X step
movement becomes the initial position of this step movement.
So the nominal position is known and the linear and angular er-
rors can be found in a similar way after the coordinates of points
P′1, P′2, P′3 are detected. They are δx(y, 1), δy(y, 1), δz(y, 1),
εx(y, 1), εy(y, 1) and εz(y, 1). The errors of δx(y), δy(y), δz(y)
and εx(y), εy(y), εz(y) at y = ∆Y plane section are now ob-
tained.
4.1.3 The third step ∆Z in the first cycle (∆X → ∆Y → ∆Z)
The plate is moved by a step distance ∆Z in the z direction.
The real final position of the plate after the above ∆Y step
movement becomes the initial position of this step movement.
So the nominal position is known and the linear and angu-
lar errors can be found after the coordinates of points P′1, P′2,
P′3 are detected. They are δx(z, 1), δy(z, 1), δz(z, 1), εx(z, 1),
εy(z, 1) and εz(z, 1). Thus, the errors of δx(z), δy(z), δz(z), and
εx(z), εy(z), εz(z) at z = ∆Z plane section are obtained. After
this step movement, the plate will move back to the diagonal line
of the working space.
4.2.1 The first step ∆X in the second cycle
(∆X → ∆Y → ∆Z → ∆X)
The second cycle keeps going to get the corresponding errors at
the plane section x = 2∆X, y = 2∆Y, z = 2∆Z. The last location
of the plate after the first cycle becomes the initial position now.
After the X movement of the second cycle motion, the dis-
placement of the center of gravity Pw and the rotation of the
imagined pyramid will be found. By adding the displacement
components to the linear errors δx(x), δy(x), δz(x) at x = ∆X,
the linear errors at x = 2∆X are then obtained as
δx(x, 2) = δx(x, 1)+ x′w − xw
δy(x, 2) = δy(x, 1)+ y′w − yw
δz(x, 2) = δz(x, 1)+ z′w − zw (12)
where the number 2 in parentheses indicates that the correspond-
ing values are obtained in cycle 2.
Similarly, by adding the rotation components to the angle er-
rors εx(x), εy(x) and εz(x) at x = ∆X, one will have the angle
errors at x = 2∆X. Thus, the errors of δx(x), δy(x), δz(x) and
εx(x), εy(x), εz(x) at x = 2∆X plane section are obtained.
4.2.2 The consequent steps
(∆X → ∆Y → ∆Z → ∆X → ∆Y → . . . . . .)
After finishing the first step in the second cycle motion, it keeps
going through the remaining steps in the following cycles to find
the errors at those sections. Then the overall volumetric errors in
the working space are measured. The 18 obtained errors include
three displacement errors, δx(x), δy(y), δz(z); six straightness
errors, δy(x), δz(x), δx(y), δz(y), δx(z), δy(z); and nine angle er-
rors, εx(x), εy(x), εz(x), εx(y), εy(y), εz(y), εx(z), εy(z), εz(z)
in the working space. The other paper will describe how to find
the squareness errors εxy, εxz and εyz by means of the measured
results.
Once having the 21 errors, namely the linear errors, δj(i), of
the displacement in the j axis direction due to the motion in the
i-axis direction; the angle errors, εj(i), of the angle change in
the j-axis direction due to the motion in the i-axis direction and
the squareness errors, εxy, εyz, εxz , the total axis compensation
errors Ex , Ey, Ez thus can be determined as follows:
Ex = δx(x)+ δx(y)+ δx(z)+ z[εy(x)+ εy(y)+ εy(z)]
− y[εz(x)+ εz(y)+ εz(z)]− k1 yεxy + k2zεxz (13)
Ey = δy(x)+ δy(y)+ δy(z)+ x[εz(x)+ εz(y)+ εz(z)]
− z[εx(x)+ εx(y)+ εx(z)]+ k3xεxy − k4zεyz (14)
Ez = δz(x)+ δz(y)+ δz(z)+ y[εx(x)+ εx(y)+ εx(z)]
− x[εy(x)+ εy(y)+ εy(z)]+ k5 yεyz − k6xεxz (15)
For any kind of machine, three of the values ki equal zero and
the other three are equal 1, e.g., k1 = 1, k2 = 1, k3 = 0, k4 = 0,
k5 = 1, k6 = 0 for some four-axes horizontal table-type machine.
Some of the other items in the above equations will disappear,
depending on the type of machine.
5 I/O data
The measurement was simulated in a CAD/CAM system named
CATIA. There is a set of errors prearranged in CATIA. And the
resulting errors analyzed by the method developed here are ex-
actly the same as the prearranged errors. The detailed analysis
procedure is described below.
Let the working space be 40"× 20"× 20" in the x, y and z
axes sequentially. Because the plate is fixed on the machine spin-
dle near the center of gravity Pw at an angle, Pw cannot match the
origin of the working coordinate. The movement space is con-
densed to 34"× 17"× 17" by assumption. Let initial Pwi be at
(0, 0, 3) and let the step movements be ∆X = 2", ∆Y = 1" and
∆Z = 1". So N = 17 is acquired. The initial position of the plate
is at (0, 0, 3) and the inclined angle is arbitrary. Then the ini-
tial points P1i(x1i , y1i, z1i), P2(x2i , y2i, z2i), P3i(x3i , y3i, z3i) are
analyzed from CATIA. This is the simulation of a laser tracker to
track the initial points. Analysis in CATIA is equivalent to track-
ing with a laser tracker system. After that, the plate is stepped
by ∆X, ∆Y and ∆Z sequentially. For each step movement, the
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Fig. 10. Linear displacement errors δx(x)
points P′1, P′2 and P′3 are analyzed to get the tracked points se-
quentially. The file tracked_pt.txt recorded the 17 step movement
data as shown in Appendix 1.
The data in Appendix 1 are explained as follows: The 34, 17,
17 in the first row are the travels of working space in the x, y, and
z-axes, respectively. The 17 in the second row is the number of
cycle movements. The data from row 3 to row 5 are the initial
coordinates of points P1, P2 and P3. And the following rows are
Fig. 11. Linear straightness errors δz(y)
Fig. 12. Angular roll errors εx(x)
the 17 cycle-movement data, each having ten rows. For each ten
rows, the first one is the cycle number, and the nine rows follow-
ing are the coordinates of tracked points P1, P2 and P3 after step
movements in the x, y and z-axes, respectively.
By means of the methodology developed in this paper, the
file tracked_pt.txt was input to a program called formExyz.m,
which was developed in the software MATLAB6p5, to get the
volumetric errors. The linear errors were saved as output1.txt,
Fig. 13. Angular pitch errors εx (y)
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and the angular errors were output2.txt and output3.txt in radi-
ans and in degrees, respectively. The angular errors in degrees are
just for easy comparison only. The results coincide with the pre-
arranged errors in CATIA exactly. Figures 10 and 11 show the
linear errors. Figures 12 and 13 show the angular errors in radi-
ans. That means the errors calculated from the MATLAB6p5 are
the same as the prearranged errors in CATIA. Appendix 2 shows
the programs and Appendix 3 shows the results. This proves the
correctness of the methodology developed here.
6 Conclusions
A quick method for measuring the volumetric errors has been
presented. The laser tracker system method improves the previ-
ous methods for checking the accuracy of a precision machine
before it is running. There is just one setup and then the machine
is moved toward the space diagonal cycle by cycle and the er-
rors can be gotten quickly. The actual sequence of motion is to
move the machine parallel to the x-axis first, and then the y and
z-axes. After each cycle movement, it goes back to the diagonal
line of the working space. This idea is from the ASME B5.54
standard. Once the volumetric errors are known for a machine, it
is easy to derive the axis compensation for that machine. Some
items of Eqs. 13–15 will disappear for different machines. The
system can be applied to circle contouring easily and this will be
presented in the future.
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Notations
δi(i) displacement error in the i directional movement
δj(i) straightness error in the j direction due to the axis move-
ment in the i direction
εj(i) angle error in the j direction due to the axis movement in
the i direction
εij squareness error between the axes i and j
Pi nominal position after movement, i = 1, 2 or 3
P′i real final position after movement, i = 1, 2 or 3
N number of cycles
Ei axis compensation error, i = x, y or z
α cross angle of vectors −→V1,−→V2
−→V1,−→V2 cross vectors of angle α
xi , yi and zi coordinates of point Pi , i = 1, 2, or 3
x′i , y′i and z′i coordinates of point P′i , i = 1, 2 or 3
Pw, P′w the centers of gravity of triangles P1P2P3,
P′1P′2P′3
Lx , Ly and Lz machine travels in the x, y and z directions
∆X, ∆Y and ∆Z step movements in the x, y and z directions
Appendix 1
The contents of the file tracked_pt.txt are listed below.
34 17 17
17
2.0314711 0.1458531 0.8226758
0.3984780 –1.4871401 4.0886621
–2.4299491 1.3412870 4.0886621
1
4.0182306 0.1678480 0.8139023
2.4079776 –1.4935837 4.0768350
–0.4202083 1.3347357 4.1212627
4.0460315 1.1915921 0.8353132
2.4019132 –0.5095789 4.0606646
–0.4269447 2.3179867 4.1100222
4.0613731 1.1695693 1.8690662
2.3823065 –0.5062176 5.0896987
–0.4466795 2.3216484 5.0862351
1262
2
6.0673731 1.1595693 1.8660662
4.3883065 –0.5162176 5.0866987
1.5593205 2.3116484 5.0832351
6.0333891 2.1428361 1.8354951
4.4053450 0.4952179 5.0966033
1.5762659 3.3229460 5.1129016
6.0367623 2.1604514 2.8462120
4.3917721 0.4731153 6.0783791
1.5624656 3.3004333 6.1144089
3
8.0601827 2.1937982 2.8660650
6.3788851 0.4642988 6.0570006
3.5489322 3.2909030 6.0979343
8.0424441 3.2109927 2.8564365
6.3844976 1.4603684 6.0480706
3.5550582 4.2866389 6.1284929
8.0454441 3.2069927 3.8514365
6.3874976 1.4563684 7.0430706
3.5580582 4.2826389 7.1234929
4
10.0545853 3.1816653 3.8539328
8.3860019 1.4656797 7.0588076
5.5564128 4.2926550 7.0992596
10.0375509 4.1895452 3.8395341
8.3868441 2.4573603 7.0449517
5.5576049 5.2840946 7.1155142
10.0177835 4.1699096 4.8265670
8.3890556 2.4713861 8.0611092
5.5601608 5.2987043 8.1213238
5
12.0360153 4.1774675 4.8325541
10.3920799 2.4721733 8.0558208
7.5629048 5.2993592 8.1086252
12.0155475 5.1666082 4.8201380
10.3976236 3.4804712 8.0665613
7.5688289 6.3079206 8.1253007
12.0137304 5.1504507 5.8182541
10.4014981 3.4898628 9.0806389
7.5727715 6.3176864 9.1221070
6
14.0121397 5.1335487 5.8119643
12.4067671 3.4952055 9.0889462
9.5780932 6.3232458 9.1170895
14.0132573 6.1418236 5.8221026
12.3987551 4.4926225 9.0891377
9.5699875 7.3205539 9.1187597
14.0006978 6.1368936 6.8040695
12.4079481 4.5025348 10.0891904
9.5793541 7.3305716 10.1247401
7
16.0079062 6.1302845 6.8068660
14.4013801 4.5102752 10.0923864
11.5727137 7.3384402 10.1037475
15.9937744 7.1359195 6.7959895
14.4113067 5.4970139 10.0838131
11.5829189 8.3250666 10.1321974
15.9842132 7.1281384 7.7946868
14.4115203 5.4978460 11.0914706
11.5832665 8.3260156 11.1408426
8
17.9849594 7.1346397 7.7944378
16.4185867 5.4917006 11.0879509
13.5904538 8.3196597 11.1536115
17.9910699 8.1467305 7.8068256
16.4126776 6.4814114 11.0833161
13.5842525 9.3088581 11.1578583
18.0079866 8.1585346 8.8199090
16.4119549 6.4698122 12.0758113
13.5830585 9.2966532 12.1552797
9
20.0039946 8.1495627 8.8155508
18.4153717 6.4756324 12.0826955
15.5866337 9.3028049 12.1557537
20.0192693 9.1392592 8.8268313
18.4123722 7.4836022 12.0943505
15.5833585 10.3111386 12.1358282
20.0068408 9.1478825 9.8220784
18.4124651 7.4734334 13.0861535
15.5836940 10.3006841 13.1547681
10
22.0166488 9.1547081 9.8338638
20.4092102 7.4671697 13.0847645
17.5801409 10.2941222 13.1533718
22.0362944 10.1672295 9.8494330
20.4012092 8.4581676 13.0752049
17.5714963 11.2846029 13.1383621
22.0253230 10.1673982 10.8473779
20.4020598 8.4521465 14.0758338
17.5726172 11.2784553 14.1547883
11
24.0172539 10.1807428 10.8348652
22.4132691 8.4413103 14.0600175
19.5844769 11.2669469 14.1771173
24.0297794 11.1937840 10.8483211
22.4117936 9.4307568 14.0536069
19.5824270 12.2554592 14.1790721
24.0447953 11.2083682 11.8641511
22.4062265 9.4224498 15.0462240
19.5759782 12.2461820 15.1736248
12
26.0509434 11.2173172 11.8733534
24.4062859 9.4153158 15.0431946
21.5757708 12.2383670 15.1794520
26.0444202 12.2237335 11.8712421
24.4063887 10.4079183 15.0366280
21.5761910 13.2303481 15.1911298
26.0462884 12.2262605 12.8717463
24.4099125 10.4038197 16.0341795
21.5797991 13.2259198 16.1960741
13
28.0450579 12.2265431 12.8709767
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26.4031728 10.3963805 16.0260866
23.5727692 13.2180765 16.1899367
28.0391740 13.2242963 12.8672967
26.4000423 11.3930325 16.0231992
23.5697836 14.2146712 16.1905041
28.0384343 13.2218040 13.8676264
26.3960000 11.3883374 17.0205314
23.5655656 14.2098586 17.1868422
14
30.0297777 13.2149084 13.8596634
28.3956142 11.3886002 17.0210093
25.5656081 14.2104914 17.1883274
30.0228892 14.2160411 13.8580355
28.3914843 12.3880778 17.0198496
25.5616266 15.2098811 17.1911148
30.0133536 14.2283729 14.8572723
28.3885541 12.3838796 18.0128818
25.5590923 15.2047475 18.2048459
15
32.0251522 14.2337776 14.8641062
30.3904563 12.3843298 18.0116944
27.5603914 15.2048926 18.1991994
32.0343057 15.2493342 14.8781677
30.3848381 13.3845265 18.0089422
27.5538561 16.2041393 18.1968901
32.0459031 15.2599614 15.8900559
30.3795471 13.3869637 19.0069674
27.5475497 16.2060749 19.1869766
16
34.0506095 15.2649614 15.8935221
32.3744697 13.3919637 19.0051833
29.5419208 16.2110749 19.1762946
34.0468652 16.2662408 15.8922666
32.3718128 14.3986769 19.0077769
29.5393220 17.2180823 19.1749564
34.0450227 16.2768232 16.8884026
32.3770323 14.4011093 20.0028055
29.5449450 17.2200674 20.1837919
17
36.0350641 16.2896522 16.8781065
34.3844553 14.4025360 19.9948810
31.5534806 17.2208118 20.2020125
36.0373095 17.3025144 16.8788886
34.3834477 15.3996471 19.9843414
31.5522427 18.2168385 20.2027700
36.0467922 17.3016283 17.8788156
34.3864377 15.3928024 20.9771388
31.5547701 18.2095693 21.1950455
Appendix 2
The program is shown below.
[fp,msg]=fopen(’tracked_pt.txt’,’r+’);
if fp==-1
disp(msg);
end
format long;
[travelxyz,nr]=fscanf(fp,’%f %f %f\n’,[3]); % machine travels in x, y and z direction
[nstep,nr]=fscanf(fp,’%f\n’,[1]); % total no. of step in x, y and z direction, respectively
dltx=travelxyz(1)/nstep; dlty=travelxyz(2)/nstep; dltz=travelxyz(3)/nstep;
%————————————————————————–
[pt_ini,nr]=fscanf(fp,’%f %f %f\n’,[3,3]); % initial tracked points
pti=pt_ini’; % pti(i,j): j=1,2,3 ∼ x,y,z components of point i=1,2,3.
trang_l=1;
pai(1)=pti(2,1)+trang_l; pai(2)=pti(2,2); pai(3)=pti(2,3); % initial pyramid point from point 2 in x direction : pai(k)
pbi(1)=pti(2,1); pbi(2)=pti(2,2)+trang_l; pbi(3)=pti(2,3); % in y: pbi(k)
pci(1)=pti(2,1); pci(2)=pti(2,2); pci(3)=pti(2,3)-trang_l; % in z: pci(k), k=1,2,3 ∼ x,y,z components.
for k=1:3 ;
gravitypti(k)=(pti(1,k)+pti(2,k)+pti(3,k))/3; % initial gravity point
end
[fp_out1,msg]=fopen(’output1.txt’,’wt’);
fprintf(fp_out1,’ <<<<<< Delta >>>>>> \n’);
fprintf(fp_out1,’ δxx δyx δzx δxy δyy δzy δxz δyz δzz\n’);
fprintf(fp_out1,’========== ========== ========== ========== ========== ========== ========== ========== ==========\n’);
[fp_out2,msg]=fopen(’output2.txt’,’wt’);
fprintf(fp_out2,’ <<<<<< Epsilon in radian >>>>>> \n’);
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fprintf(fp_out2,’ εxx εyx εzx εxy εyy εzy εxz εyz εzz\n’);
fprintf(fp_out2,’========== ========== ========== ========== ========== ========== ========== ========== ==========\n’);
[fp_out3,msg]=fopen(’output3.txt’,’wt’);
fprintf(fp_out3,’ <<<<<< Epsilon in degree >>>>>> \n’);
fprintf(fp_out3,’ εxx εyx εzx εxy εyy εzy εxz εyz εzz\n’);
fprintf(fp_out3,’========== ========== ========== ========== ========== ========== ========== ========== ==========\n’);
for i=1:nstep;
[stepn,nn]=fscanf(fp,’%f\n’,[1]); % step no. in x, y and z direction, respectively
for j=1:3 % j=1 says dlta_x; j=2 says dlta_y; j=3 says dlta_z ∼ one cycle movement
format long ;
[pt_trk,nr]=fscanf(fp,’ %f %f %f\n’,[3,3]); % tracked points
pt=pt_trk’; % tracked points
for k=1:3 ;
gravitypt(k)=(pt(1,k)+pt(2,k)+pt(3,k))/3; % gravity point
end
% finding linear volumetric errors below
if j==1
if i>1
delta_x_x(i)=gravitypt(1)-gravitypti(1)-dltx+delta_x_x(i-1); % delta x in x motion
delta_y_x(i)=gravitypt(2)-gravitypti(2)+delta_y_x(i-1); % delta y in x motion
delta_z_x(i)=gravitypt(3)-gravitypti(3)+delta_z_x(i-1); % delta z in x motion
else
delta_x_x(i)=gravitypt(1)-gravitypti(1)-dltx; % delta x in x motion
delta_y_x(i)=gravitypt(2)-gravitypti(2); % delta y in x motion
delta_z_x(i)=gravitypt(3)-gravitypti(3); % delta z in x motion
end
elseif j==2
if i>1
delta_x_y(i)=gravitypt(1)-gravitypti(1)+delta_x_y(i-1); % delta x in y motion
delta_y_y(i)=gravitypt(2)-gravitypti(2)-dlty+delta_y_y(i-1); % delta y in y motion
delta_z_y(i)=gravitypt(3)-gravitypti(3)+delta_z_y(i-1); % delta z in y motion
else
delta_x_y(i)=gravitypt(1)-gravitypti(1); % delta x in y motion
delta_y_y(i)=gravitypt(2)-gravitypti(2)-dlty; % delta y in y motion
delta_z_y(i)=gravitypt(3)-gravitypti(3); % delta z in y motion
end
else
if i>1
delta_x_z(i)=gravitypt(1)-gravitypti(1)+delta_x_z(i-1); % delta x in z motion
delta_y_z(i)=gravitypt(2)-gravitypti(2)+delta_y_z(i-1); % delta y in z motion
delta_z_z(i)=gravitypt(3)-gravitypti(3)-dltz+delta_z_z(i-1); % delta z in z motion
else
delta_x_z(i)=gravitypt(1)-gravitypti(1); % delta x in z motion
delta_y_z(i)=gravitypt(2)-gravitypti(2); % delta y in z motion
delta_z_z(i)=gravitypt(3)-gravitypti(3)-dltz; % delta z in z motion
end
end
% finding pa’ : pyramid point from point 2 in x direction after movement
x1=pt(1,1); y1=pt(1,2); z1=pt(1,3); r1=sqrt((pai(1)-pti(1,1))ˆ2+(pai(2)-pti(1,2))ˆ2+(pai(3)-pti(1,3))ˆ2);
x2=pt(2,1); y2=pt(2,2); z2=pt(2,3); r2=trang_l;
x3=pt(3,1); y3=pt(3,2); z3=pt(3,3); r3=sqrt((pai(1)-pti(3,1))ˆ2+(pai(2)-pti(3,2))ˆ2+(pai(3)-pti(3,3))ˆ2);
intpointa=IntsectPointsof3circles(x1,y1,z1,r1,x2,y2,z2,r2,x3,y3,z3,r3);
pa=intpointa(1,:);
% finding pb’ : pyramid point from point 2 in y direction after movement
r1=sqrt((pbi(1)-pti(1,1))ˆ2+(pbi(2)-pti(1,2))ˆ2+(pbi(3)-pti(1,3))ˆ2);
r2=trang_l;
r3=sqrt((pbi(1)-pti(3,1))ˆ2+(pbi(2)-pti(3,2))ˆ2+(pbi(3)-pti(3,3))ˆ2);
intpointb=IntsectPointsof3circles(x1,y1,z1,r1,x2,y2,z2,r2,x3,y3,z3,r3);
pb=intpointb(1,:);
% finding pc’ : pyramid point from point 2 in z direction after movement
r1=sqrt((pci(1)-pti(1,1))ˆ2+(pci(2)-pti(1,2))ˆ2+(pci(3)-pti(1,3))ˆ2);
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r2=trang_l;
r3=sqrt((pci(1)-pti(3,1))ˆ2+(pci(2)-pti(3,2))ˆ2+(pci(3)-pti(3,3))ˆ2);
intpointc=IntsectPointsof3circles(x1,y1,z1,r1,x2,y2,z2,r2,x3,y3,z3,r3);
pc=intpointc(2,:);
% finding angular volumetric errors below
if j==1 % motion in x-dir
ptn(1)=pti(2,1)+dltx ; ptn(2)=pti(2,2) ; ptn(3)=pti(2,3); % nominal point 2
p1=ptn ; p2=ptn; p2(2)=ptn(2)+trang_l; p3=pt(2,:); p4=pb; unit_vector=[1,0,0]; % assign p1, p2, p3, and p4 for angleof2vector3D
p2(1)=p1(1); p3(1)=p1(1); p4(1)=p1(1) ; % project to x-plane
if i>1
epsilon_x_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_x_x(i-1);% epsilon x in x motion
else
epsilon_x_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon x in x motion
end
p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,1,0];
p2(2)=p1(2); p3(2)=p1(2); p4(2)=p1(2) ;
if i>1
epsilon_y_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_y_x(i-1); % epsilon y in x motion
else
epsilon_y_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon y in x motion
end
p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,0,1];
p2(3)=p1(3); p3(3)=p1(3); p4(3)=p1(3) ;
if i>1
epsilon_z_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_z_x(i-1); % epsilon z in x motion
else
epsilon_z_x(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon z in x motion
end
elseif j==2 % motion in y-dir
ptn(1)=pti(2,1) ; ptn(2)=pti(2,2)+dlty ; ptn(3)=pti(2,3);
p1=ptn ; p2=ptn; p2(2)=ptn(2)+trang_l; p3=pt(2,:); p4=pb; unit_vector=[1,0,0]; % assign p1, p2, p3, and p4 for angleof2vector3D
p2(1)=p1(1); p3(1)=p1(1); p4(1)=p1(1) ; % project to x-plane
if i>1
epsilon_x_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_x_y(i-1); % epsilon x in y motion
else
epsilon_x_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon x in y motion
end
p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,1,0];
p2(2)=p1(2); p3(2)=p1(2); p4(2)=p1(2) ;
if i>1
epsilon_y_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_y_y(i-1); % epsilon y in y motion
else
epsilon_y_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon y in y motion
end
p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,0,1];
p2(3)=p1(3); p3(3)=p1(3); p4(3)=p1(3) ;
if i>1
epsilon_z_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_z_y(i-1); % epsilon z in y motion
else
epsilon_z_y(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon z in y motion
end
else % motion in z-dir
ptn(1)=pti(2,1) ; ptn(2)=pti(2,2) ; ptn(3)=pti(2,3)+dltz ;
p1=ptn ; p2=ptn; p2(2)=ptn(2)+trang_l; p3=pt(2,:); p4=pb; unit_vector=[1,0,0]; % assign p1, p2, p3, and p4 for angleof2vector3D
p2(1)=p1(1); p3(1)=p1(1); p4(1)=p1(1) ; % project to x-plane
if i>1
epsilon_x_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_x_z(i-1); % epsilon x in z motion
else
epsilon_x_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon x in z motion
end
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p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,1,0];
p2(2)=p1(2); p3(2)=p1(2); p4(2)=p1(2) ;
if i>1
epsilon_y_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_y_z(i-1); % epsilon y in z motion
else
epsilon_y_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon y in z motion
end
p1=ptn ; p2=ptn; p2(1)=ptn(1)+trang_l; p3=pt(2,:); p4=pa; unit_vector=[0,0,1];
p2(3)=p1(3); p3(3)=p1(3); p4(3)=p1(3) ;
if i>1
epsilon_z_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector)+epsilon_z_z(i-1); % epsilon z in z motion
else
epsilon_z_z(i)=angleof2vector3D(p1,p2,p3,p4,unit_vector); % epsilon z in z motion
end
end
% set initial values
for k=1:3 ;
gravitypti(k)=gravitypt(k); % set initial gravity point of next step
end
for k=1:3 ; % set initial point of next step
for m=1:3;
pti(m,k)=pt(m,k);
end
end
pai(1)=pti(2,1)+trang_l; pai(2)=pti(2,2); pai(3)=pti(2,3); % initial pyramid point from point 2 in x direction : pai(k)
pbi(1)=pti(2,1); pbi(2)=pti(2,2)+trang_l; pbi(3)=pti(2,3); % in y: pbi(k)
pci(1)=pti(2,1); pci(2)=pti(2,2); pci(3)=pti(2,3)-trang_l; % in z: pci(k), k=1,2,3 ∼ x,y,z components.
end
fprintf(fp_out1,’%10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f\n’,delta_x_x(i), delta_y_x(i), delta_z_x(i), ...
delta_x_y(i), delta_y_y(i), delta_z_y(i), delta_x_z(i),delta_y_z(i), delta_z_z(i));
fprintf(fp_out2,’%10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f\n’,epsilon_x_x(i), epsilon_y_x(i), epsilon_z_x(i), ...
epsilon_x_y(i), epsilon_y_y(i), epsilon_z_y(i), epsilon_x_z(i), epsilon_y_z(i), epsilon_z_z(i));
e_x_x(i)=epsilon_x_x(i)*180/pi; e_y_x(i)=epsilon_y_x(i)*180/pi; e_z_x(i)=epsilon_z_x(i)*180/pi;
e_x_y(i)=epsilon_x_y(i)*180/pi; e_y_y(i)=epsilon_y_y(i)*180/pi; e_z_y(i)=epsilon_z_y(i)*180/pi;
e_x_z(i)=epsilon_x_z(i)*180/pi; e_y_z(i)=epsilon_y_z(i)*180/pi; e_z_z(i)=epsilon_z_z(i)*180/pi;
fprintf(fp_out3,’%10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f %10.5f\n’,e_x_x(i), e_y_x(i), e_z_x(i), ...
e_x_y(i), e_y_y(i), e_z_y(i), e_x_z(i), e_y_z(i), e_z_z(i));
end
fclose(’all’);
Appendix 3
The linear errors (output1.txt) are listed here.
<<<<<< Delta >>>>>>
δxx δyx δzx δxy δyy δzy δxz δyz δzz
========= ========= ========= ========= ========= ========= ========= ========= =========
0.00200 0.00300 0.00400 0.00500 –0.00300 –0.00200 –0.00800 –0.00500 0.01300
0.00800 –0.00700 0.00100 0.00500 –0.00100 0.00100 –0.01600 –0.01400 0.01100
0.00700 –0.00200 –0.00500 0.00300 0.00200 0.00500 –0.01300 –0.01800 0.00600
0.00900 –0.00400 –0.00700 –0.00200 –0.00100 0.00100 –0.01800 –0.01500 0.00900
0.01700 –0.00100 –0.01100 –0.00500 0.00100 0.00600 –0.01600 –0.01400 0.01200
0.02000 –0.00300 –0.01200 –0.01000 0.00200 0.01000 –0.01400 –0.00900 0.00800
0.01800 –0.00000 –0.01700 –0.00800 –0.00500 0.01300 –0.01700 –0.01100 0.01300
0.02300 –0.00200 –0.01400 –0.01000 –0.00800 0.01700 –0.01200 –0.01500 0.01400
0.02400 –0.00100 –0.01300 –0.00700 –0.00600 0.01800 –0.01600 –0.01900 0.01600
0.02500 –0.00300 –0.01000 –0.00600 –0.00800 0.01500 –0.01900 –0.02300 0.02100
0.03000 –0.00600 –0.01200 –0.00300 –0.01100 0.01800 –0.01800 –0.02400 0.02200
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0.03200 –0.00800 –0.00800 –0.00500 –0.01400 0.01900 –0.01500 –0.02600 0.02300
0.02700 –0.01300 –0.01300 –0.00900 –0.01700 0.01700 –0.01800 –0.03000 0.02100
0.02400 –0.01500 –0.01500 –0.01400 –0.01700 0.01700 –0.02300 –0.02900 0.02300
0.02900 –0.01300 –0.01500 –0.01500 –0.01200 0.02000 –0.02300 –0.02400 0.02300
0.02700 –0.00800 –0.01800 –0.01800 –0.00700 0.02000 –0.02000 –0.01900 0.02300
0.02900 –0.00300 –0.01800 –0.01800 –0.00500 0.01700 –0.01500 –0.02400 0.01800
The angular errors in radians (output2.txt) are listed below.
<<<<<< Epsilon in radians >>>>>>
εxx εyx εzx εxy εyy εzy εxz εyz εzz
========= ========= ========= ========= ========= ========= ========= ========= =========
0.00873 0.00698 0.00000 0.01222 –0.01047 0.00000 –0.00785 –0.01082 –0.00000
0.00873 0.00698 0.00000 0.00349 0.00524 0.00000 0.00436 –0.01606 –0.00000
0.02182 –0.00436 –0.00000 0.01012 0.01257 0.00000 0.00436 –0.01606 –0.00000
0.01099 –0.00768 0.00000 0.01518 0.01815 0.00000 –0.00611 –0.00925 –0.00000
0.01309 –0.01239 0.00000 0.00925 0.02618 0.00000 –0.01396 –0.00750 –0.00000
0.00628 –0.01030 0.00000 0.01257 0.02339 0.00000 –0.01850 –0.00087 –0.00000
0.00192 –0.01449 0.00000 0.01833 0.03072 0.00000 –0.02112 0.00209 –0.00000
0.00576 –0.01257 –0.00000 0.02513 0.02705 0.00000 –0.01396 –0.00332 –0.00000
0.00122 –0.01030 0.00000 0.01955 0.02147 0.00000 –0.00820 0.00052 –0.00000
0.00523 –0.01431 0.00000 0.02618 0.01292 0.00000 –0.00628 0.00419 –0.00000
0.01274 –0.00832 –0.00000 0.03351 0.00855 0.00000 0.00087 –0.00227 –0.00000
0.01780 –0.01024 –0.00000 0.03787 0.01065 0.00000 0.00297 –0.00175 –0.00000
0.02024 –0.01199 –0.00000 0.03822 0.01152 0.00000 0.00367 –0.00279 –0.00000
0.01798 –0.00937 –0.00000 0.03875 0.01239 0.00000 0.00890 –0.00070 –0.00000
0.01955 –0.01251 –0.00000 0.04363 0.00768 0.00000 0.01152 –0.00611 –0.00000
0.01955 –0.01566 –0.00000 0.04189 0.00803 0.00000 0.01414 –0.00384 –0.00000
0.02321 –0.01007 –0.00000 0.04695 0.00698 0.00000 0.01606 –0.00593 –0.00000
The angular errors in degrees (output3.txt) are listed in the following.
<<<<<< Epsilon in degrees >>>>>>
εxx εyx εzx εxy εyy εzy εxz εyz εzz
========= ========= ========= ========= ========= ========= ========= ========= =========
0.49999 0.40000 0.00000 0.69996 –0.60001 0.00001 –0.44998 –0.61999 –0.00001
0.49999 0.40000 0.00000 0.20003 0.29999 0.00001 0.25001 –0.91999 –0.00001
1.24994 –0.25000 –0.00000 0.58001 0.72000 0.00001 0.25001 –0.91999 –0.00001
0.62995 –0.44001 0.00000 0.87001 1.03999 0.00001 –0.34998 –0.52999 –0.00001
0.74994 –0.71001 0.00001 0.53002 1.49999 0.00001 –0.79997 –0.42999 –0.00001
0.35994 –0.59001 0.00001 0.72002 1.33999 0.00000 –1.05997 –0.04999 –0.00001
0.10994 –0.83000 0.00001 1.05002 1.75998 0.00001 –1.20997 0.12001 –0.00001
0.32993 –0.71998 –0.00000 1.44002 1.54997 0.00002 –0.79998 –0.18999 –0.00001
0.06993 –0.58999 0.00000 1.12002 1.22998 0.00002 –0.46997 0.03001 –0.00002
0.29993 –0.81999 0.00000 1.50000 0.73998 0.00002 –0.35996 0.24000 –0.00001
0.72992 –0.47698 –0.00001 1.92000 0.48998 0.00002 0.05003 –0.12999 –0.00002
1.01992 –0.58698 –0.00001 2.17000 0.60997 0.00002 0.17002 –0.10000 –0.00001
1.15992 –0.68697 –0.00002 2.19000 0.65997 0.00003 0.21002 –0.16000 –0.00001
1.02992 –0.53697 –0.00002 2.22000 0.70997 0.00003 0.51002 –0.04000 –0.00001
1.11993 –0.71698 –0.00002 2.49999 0.43998 0.00003 0.66002 –0.35000 –0.00001
1.11993 –0.89697 –0.00002 2.39999 0.45998 0.00003 0.81002 –0.22000 –0.00001
1.32992 –0.57697 –0.00002 2.68999 0.39997 0.00003 0.92002 –0.34000 –0.00001
